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CPT_S 434/534 Neural network design and application



In today’s class

* Backpropagation: an optimization algorithm to train NNs
* An example of training a Softmax classifier



Determining model parameters

 Computational complexity for the analytical solution?
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Optimization for machine learning

* First-order algorithms (commonly used and researched in machine
learning)
* Gradient descent
* Momentum methods

e Stochastic variants . K
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* Hessian vector products min — (—Zyk - 10g(f(wks%)))>

k=1
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S (W) (see Section

hEPM — argmin Rg(h).
heH

First-order = need to compute gradients
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Gradients for updating



Determining model parameters

 Stochastic gradient descent (SGD)

Wipr = W — aVy, f (wy) - 0(d)

Theorem 5 Set the parameters T1 = 4 and m =

1

A

b
Randomly sample b data "1 ,
Vf(w) = Ez x; wx; — yix; — 0(db)
i=1

in the EPOCH-GD algorithm. The 4
final point xif returned by the algorithm has the property that

b>=1

Analytical solution
O(dzn + d2'373)

|

dn > b/e
e =0(1/vn)

> An iterative algorithrr|

db1
O( E)

. . 16G? 1
E[F(x7)] — F(x") < |=e(M>T=00)
AT €
The total number of gradient updates is at most T. 0(dbT)
Hazan, Elad, and Satyen Kale. "Beyond the regret minimization barrier: optimal algorithms for stochastic strongly-convex 9

optimization." The Journal of Machine Learning Research 15, no. 1 (2014): 2489-2512.




Determining model parameters
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Analytical solution
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a

ErPoCcH-GD algorithm. The
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How to compute gradient?
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How to compute gradient?
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How to compute gradient?
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How to compute gradient?
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What if we have composition structure? Flg(x) =2 ,\/
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x is the parameter of function g

* Chain rule of calculus (generalize to multi-dimensional cases)
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fi = x;
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How to compute gradient?

What if we have composition structure?
f and g both have their own parameters

x is the parameter of function g

d h'Y = |4
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Flg@) -7 7

Tz + b(l))

* Chain rule of calculus (generalize to multi-dimensional cases)

fu (- (R(AG))) -2
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Q:is ? enough to update the model (a lot of layers)?

dx dx,_1 . dx,_o

dxy, dx, dx,_q

dxz dx1

dx; dx

/ h
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How to compute gradient?

What if we have composition structure?
f and g both have their own parameters

x is the parameter of function g

d hm(l)T p) .
FG) ~ VG = 2 0" (e +s);

X RD)= ,@ (@TRa +52)
flg(x)) -7 S

* Chain rule of calculus (generalize to multi-dimensional cases)

fu (- (R(AG))) -2

fi = x;

Q:is ? enough to update the model (a lot of layers)?

dx dx,_1 . dx,_o

dxy, dx, dx,_q

dxz dx1

dx; dx

X1
%There are parameters to be

determined in each layer
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How to compute gradient?
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What if we have composition structure?
f and g both have their own parameters

x is the parameter of function g

flg(x)) =7
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* Chain rule of calculus (generalize to multi-dimensional cases)

fu (- (R(AG))) -2

fi = x;
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+5%)

Q:is % enough to update the model (a lot of layers)?

1
dxXp dx, dxp—q o dx; . dxq WThere are parameters to be
determined in each layer

. dx .
We still need d—x”,for i=1..,n—1
[
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How to compute gradient?
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How to compute gradient?

FG) - V) = o (o)
What if we have composition structure? h®=g® (WETRY + b(z))
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Computation graphs

f

A function

(an operation) \‘;
fé)
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Computation graphs

Figure 6.8
“Deep Learning”

T A
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sSum
@ + @
do sSqr,

matmul

O

It is a precise language to describe structure of operations in neural networks
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Computation graphs
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Computation graphs

relu
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max{ X W +b,0} {

)\Ziw?

Figure 6.8

Regularization

“Deep Learning” It is a precise language to describe structure of operations in neural networks
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Forward propagation

Require:
Require:
Require:

Network depth, [

W@ e {1,...,1}, the weight matrices of the model
b i e {1,...,1}, the bias parameters of the model

Require:

x, the input to process

Require:

y, the target output

for k=1,...,ldo
a®) = pk) L Wk p(k=1)
Rk — f(a,(k))

end for
g = hW
J =L

,Y) + AQ(0)

A0) ( L3 (h(z) (h(l)(x)))>

Algorithm 6.3 in “Deep Learning”
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Forward propagation

Require: Network depth, [

Require: W) ; ¢ {1,...,1}, the weight matrices of the model
Require: b i€ {1,...,1}, the bias parameters of the model

Require: |x| the input to process
Require: vy, the target output
for k=1,...,ldo
a®) = pk) L Wk p(k=1)
Rk — f(a,(k))
end for
g = hW
J =L@G,y) + A2(0)
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Algorithm 6.3 in “Deep Learning”

47



Forward propagation

Require: Network depth, [
Require: W) ; ¢ {1,...,1}, the weight matrices of the model
Require: b i€ {1,...,1}, the bias parameters of the model
Require: |x| the input to process
Require: vy, the target output

1B = 7|

forf=1]...,1 do N0 (___h(s) (h(z) (h(l)(h(O)))>>

ak) — b(k) 4+ W(k)E

hPF|= f(a®)
end for
g = h()
J =L@G,y) + A2(0)

. . - 48
Algorithm 6.3 in “Deep Learning”



Forward propagation

Require:
Require:
Require:

Network depth, [

W@ e {1,...
b ie{1,...

Require:

xr

Require:

for

end for

g =[r0

k=1..
a® — p® 4 WERFED

hPF|= f(a®)

the input to process

y, the target output

.l do

J = L@,y) + A2(0)

,[}, the weight matrices of the model
,[}, the bias parameters of the model

R ( R(3) (h(z) (h(l)(h(O)))>>

Algorithm 6.3 in “Deep Learning”
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Backward propagation

After the forward computation, compute the gradient on the output layer:
g+ VyJ=V,L(H,y)| Gradient from loss
fork=10,l—1,...,1do

Convert the gradient on the layer’s output into a gradient on the pre-

nonlinearity activation (element-wise multiplication if f is element-wise):

g« V,nJ=g0 f'(al)
Compute gradients on weights and biases (including the regularization term,
where needed):
Vewd =g+ AV 4,y Q(0)
Viyw J =g REDT £ AV 6, Q(0)
Propagate the gradients w.r.t. the next lower-level hidden layer’s activations:
g« Vye-nd = wkT g
end for

Algorithm 6.4 in “Deep Learning”
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Convert the gradient on the layer’s output into a gradient on the pre-
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nonlinearity activation (element-wise multiplication if f is element-wise):
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Fa™)

Gradient from activation layer

Compute gradients on weights and biases (including the regularization term,
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Backward propagation

After the forward computation, compute the gradient on the output layer:

fork=10,l—1,...,1do
Convert the gradient on the layer’s output into a gradient on the pre-
nonlinearity activation (element-wise multiplication if f is element-wise):

g« V, nJ=g0

Fa™)

g+ VyJ=V,L(H,y)| Gradient from loss

Gradient from activation layer

Compute gradients on weights and biases (including the regularization term,

where needed):

Viwd =g+ PV h(kLQ(G_H

Gradient from regularization

Vwmd =g h(F=DT Ww(k)ﬂ(e) Gradient from regularization
Propagate the gradients w.r.t. the next lower-level hidden layer’s activations:
g« Vye-nd = wkT g

end for

Algorithm 6.4 in “Deep Learning”
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1.0

fn(-..(fz(fl(x)))) —? 0.8

fi = x; 0.6
X
a—
0.4
dxn dxn dxz dx1
dx _dxn_l dx; dx

0.2

—
gradients->0 0,6/\

40 60 80 100

Sigmoid function

gradients->0
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fu (- (R(AG))) -7

dx,

Gradient vanish

dx

fi = xi _
X
P
dx, dxy | dxq
Axn—1 dxq | dx

_—
gradients-> 0.01.6 C——— | | |
40 60 80 100
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Gradient vanish

1.0 ! .
fu (- (R(A())) 7 0.8+ -voovrer R s
fi = x; 0.6F e --------------------------------
> 5
= s i
0.4F it L ... .
dx, dxy | dxq | |
Xy dx, | dx . 5
Id nl 1 02k ... 4
— 0.01"
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fu (- (R(AG))) -7

Gradient explosion

fi = x; _
X
a—
dx, dxy | dxq
|dxn_1 dxq | dx

1.0

0.8

0.6

0.4

0.2

L
gradients-> 0.01.6 C_—— | |
40 60

Sigmoid function

80

100

gradients-> 0.01

58



fu (- (R(AG))) -7

Gradient explosion

fi = x; _
X
a—
dx, dxy | dxq
|dxn_1 dxq | dx

1.0

0.8

0.6

0.4

0.2

L
gradients-> 0.01.6 C_—— | |
40 60

1.1100 = 13781

Sigmoid function

80

100

gradients-> 0.01
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In today’s class

* Backpropagation: an optimization algorithm to train NNs
* An example of training a Softmax classifier



Example: how to train a softmax classifier

The MINIST Dataset

IsTol[ g 12 13]]1 ¥ -

336N 712776 |7 * n = 60,000 training samples (X1, ¥1), ***, (Xn, Yn)-

Miallzz]1402]l¢13[12 17 * Each x; is a 28%X28 image.

?"’p {’70“’f "":” b * Each y; is an integer in {0,1,2,---,9}.
HiZN712)1319/18/1s714 (3

[ENCAPEAE 4 FACHY,

Q#6067 Q0

11112/ 1el13lal[2][/]12 17

181g]13e/[718v12/0 14

le=14/1ell2 10117121131/

N
Qx

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet 1.p
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Example: how to train a softmax classifier

The MINIST Dataset

IsTel//1g1all V2] 14 .
RN * n = 60,000 training samples (X1, V1), ***, (Xn, Y-
Mol e[ 711472]1y 13127 * Each x; is a 28x28 image.
® 671056036 . Eachy;isanintegerin {0,1,2,-,9}.
HIZI12 2113171181501 (8
13lol2/l#lly12/l012]14 1/ : P
et e e s et Task: multi-cl I
alrlelelq e o as ulti-class classification
1z (63827177 * Given a 28%28 image, predict the digit.
18/lol1a/le][718»]7/10 1 e Learn a function f: R?8%28 » R10,
¢ 7/46]1210/17/12/13]1/ « The i-th entry of f(x) indicates how likely the image

X is the digit i.

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet 1.p8|2f
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Example: how to train a softmax classifier

|[Linear|/model: softmax classifier

sllol+ 1711V 3]t ¥

336N 171127617 * Vectorize each 28X28 image to a 784-dim vector.
Wwigllg zll412ly 1327 * |/Add a feature of all ones. (So X becomes 785-dim.)
"axo’bfoyj’no'\fhﬁﬂtfq—ﬁ(p Bias term is absorbed

181719012 19/18/1s7[8 113

3lloll7 1+l 1211012/14/[/

al¢llelodls6 100

1T7I0 &322z

8llo]1a/16/17 122 1#/[0]l¥

61214 16]1g 1011711211311/

(@)}
%,

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 _NeuralNet 1.p
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Example: how to train a softmax classifier

Linear model: softmax classifier

slolHll /g1 V1311 14 , _ ,

3 A3T6IN 712776 T¢ * Vectorize each 28X28 image to a 784-dim vector.
IEHIRAEEREIRIE  Add a feature of all ones. (So x becomes 785-dim.)
2P 670560 F 06 * Let W € R19%785 contain the parameters.
1(18’?_74?}*9’”8“.&:5l_S e Letz = Wx € R0,

3101214171201 2/14]]/ :

Qe eTa L8 I o8 * Output a 10-dim vector:

112/ Te3]lall2 11217 f(x) = SoftMax(z).
503671890y

6 [7l4/16]1910]17 121131/

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet 1.p8ﬁ‘
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Example: how to train a softmax classifier

Linear model: softmax classifier

N

3ol l/1g 1/ 1211 14 , , ,
EESRNGEAE * Vectorize each 28X%28 image to a 784-dim vector.
1alle 1711472141327 * Add a feature of all ones. (So x becomes 785-dim.)
l2lelsllolsl6]0)x16 * Let W € R19%785 contain the parameters.
_;"13?74?933?“?,"’;5'3 » Letz = Wx € R10.

3101724720 7]|4.l/ .

alze ey 6o * Output a 10-dim vector:

7N 1631271177 f(x) = SoftMax(z).

101013 1£[718» 17101 /

16121416l 10117181131/

SoftMax(z) = 3

1
[exp(zg) » exp(zg)]
i=0 €Xp(z;)

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet 1.p8|5f
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Example: how to train a softmax classifier

Learn W € R'°%785 from the training data

s/ 1V 12111 14

336712767 * One-hot encode of the labels

Mie¢ /2121 327 . O:ginall\lf:‘a label : a scalarli(;'njo, 1, 2,---,?(3.1}10

e 7 16 1T — 6 * The one-hot encode y is a 10-dim vector {0, .

T ‘;?; g; ; ﬁ_:—; * E.g.,the one-hot enczde of 2is[0,0,1,0,0,0,0,0,0,0].
13lloll2/1#ly1z/l012]141/

Q¥ 60y 610D

1117 1e]3/ell21/][2]]7

90367 870«

l6z11ellg 01712113 1/

o)
==y

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet 1.p
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Example: how to train a softmax classifier

E3

o L]

L=, £

[=1)

=

oo

N

NN R Qe % Q5 O

|~ = e WL

& 6 60 NN NN SN N

so| N [w][&] e | [w [ ][~

SENERRRNNEN

][R]0 0] o] =] 8]

=

S o [N = ey o W w W
WO O Lee YN ey —

e N o] N e [N e |

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet 1.p

Learn W € R1%%785 from the training data

* One-hot encode of the labels
* Originally, a label is a scalarin {0, 1, 2,---,9}.
* The one-hot encode y is a 10-dim vector {0,1
* E.g., the one-hot encode of 2is[0,0,1,0,0,0,0,0,0,0].

* Cross-entropy loss:
CrossEntropy(y, f) = — %o y; - log(f).

}10_

(@)}
Q9
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Example: how to train a softmax classifier

Learn W € R1%%785 from the training data

E3

A S PAE N KN ELIN P
373761 1210771679 » |One-hot encode of the labels
mq'f & 9,'?/ :i Z y 327 * Originally, a label is a scalarin {0, 1, 2,---,9}.
e e g * The one-hot encode y is a 10-dim vector {0,1}°.
_;" ; ? ; g ‘; ; f_?; + E.g., the one-hot encode of 2 is [0, 0,[1} 0, 0, 0,0,0,0,0].
3709 ¢y g0 974/ * Cross-entropy loss:
a¢leeld 6100 CrossEntropy(y, f) = — X7_, ; - log(f).
‘ ; Zé z | 3 *;3; / {)é4: Q: how to interpret CE loss?
I vd
[6llzl14]16]12/10117118113 1/

o)
o8

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 _NeuralNet 1.p
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Example: how to train a softmax classifier

e 1 e training data
SoH| /1A

3 [AB/le/h [2]]

Y74 |{4|9A|F 2| 11,0,1,0,0,0,0,0,0,0].
& 71721319]] |
[3lol2/1#17121

Qye ey s P=0 i - log(f).
171D Te][3]Ta]]

Tallglialle][7]18]]

66;74."’&&3?“07: 0 0.1 0.2 0.3 0|4 Ulﬁ 0.7 0.8 0.9 1

log(f;)

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 _NeuralNet 1.p
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Example: how to train a softmax classifier

e 1 e training data
S0 /9 &
13 1A31elh 121 L2 0)
3: ? Z ; : ji | 1 vector {0,1}1°.
e ),0,1,0,0,0,0,0,0,0].
118117 1211211911 _
Bloll2l#ly 121
faT¢lle (@4 P=0Yi - log(f}).
1zIiN &3 ]a]
Talollalel778]
66;74."’0&3?“07: 0 0.1 0.2 0.3 0|4 0.5 0|6 0.7 0.8 0.9 1

log(f;) -y - log(f;) > o

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet l.péﬁ‘
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Example: how to train a softmax classifier

STl 72 TEl 1 e training data
3360 7]
Mgl 1714 72] _ 1’2’;.’33.1}10
el T o T | 1vector {0,1}"".
T;f;gj 1,0,1,0,0,0,0,0,0,0].
Bl A7 .
Qal¢leloqd s i=0Yi * log(fy).
11[12]1) °é“3“01
Tallglialle][7]18]]
h 6 ;7 4. Lf ﬁ é | ? “ a 'f: 0 011 012 0.3 0.|4 0.5 016 0.7 0.8 0.9 1

-y; -log(f;) > log(f;)

~
N

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 _NeuralNet 1.p
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Example: how to train a softmax classifier

Learn W € R1°%785 from the training data

a

\5.104'_41/‘4?23‘1\‘\3 ‘#

DGERRDGEEEEE * |One-hotlencode of the labels

a7 /A2y 327  Originally, a label is a scalarin {0, 1, 2, :--, 9}.

oo oot i i s i . The one_hot encode y |S a 10_d|m vector {0,1}10_
T‘;;’;g‘;;{?; + E.g., the one-hot encode of 2is [0, 0,1] 0,0,0,0,0,0,0].

5

NI ACAE A ALY * Cross-entropy loss:

¢ 6le/d 16100 CrossEntropy(y, f) = — Xi- y; - log(fy).
1711 1e][3]lo]l2l/ 11217 * Solve the optimization model:

:8710231’\&773733’37%?0049, X . 1

6246 s07 83 W™ = argvl\rfnln { 7—12}?’:1 CrossEntropy (yj, f(xj)) }

W is the parameter of f

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet 1.pé|2f
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Example: how to train a softmax classifier

Make prediction for a test sample x’

3 1

STBII 72 317
- . J | 4 ! : ) 3 . * 10X785

DGRRNGZEEE Now we have W* € R19%7®>,

wiallz[ 711412141327 * For a test sample X', computdz = W'x’ € R

'ﬁgo"j 6?70 0 56 t‘??@ * Make prediction by [argmaxz.|
18117112113179/18/15714 13 * If the 7-th entry of z is the largest, then the model thinks

3.”0?:7*?07*3-”0"944:‘:/ the image is digit “7”.

Q¢ 604 6108

17|11 &3 18]12][/][2]]7

8lollaleqllgx[gllo]y

¢4 Tellglloll7112113 1/

~Nd
o

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 _NeuralNet 1.p
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Example: how to train a softmax classifier

B

Make prediction for a test sample x’

z =[-55.7,-141.4,18.1,188.3,-91.3,-26.8, -183.6,

411.2,

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet 1.pé|f

SO0 /9 AN 3 ¥
e s . * 10x785
DGRRANGZEREE Now we have W* € R19*78>,
NI AVAERSFARRE 1A * For a test sample x’, compute z = W*x' € R0,
"oga"'j 6705' ‘ft‘?i?f@ * Make prediction by argmax z.
HigI1119113 1218157114 [3 * If the 7-th entry of z is the largest, then the model thinks
3l0l71#717l0/17/14 1/ the image is digit “7”.
al¢léeleld s 6100
11z|1) &3 1o]l2]l/][2 7 7
§1ollalell7 18>][glO]y =
6 [214]16]lg 10117112113 1/ j

-142.1, 96.2]

4
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Example: how to train a softmax classifier

Define a function f: R78°> » R10:

* Input: vector x € R”%>,

. o 10 ,
z =[Wx € RT°] Trainable parameters: W € R10%785

* Output:[f(x) = SoftMax(z).|

Train the function by empirical risk minimization (ERM):

 Training set: (x,,v1),, X, ¥,) € R785xR10,
* Loss function: CrossEntropy(y,f) = — Y12, y; - log(f(x);).

argvrvnin { %Z}?‘ﬂ CrossEntropy (yj, f (xj)) }‘

* Solve ERM:

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet 1.p
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Example: how to train a softmax classifier

* How to solve argmin { %Z}Ll CrossEntropy (yj, f (xj)) } ?

W

* Stochastic gradient descent[(SGD)|with momentum repeats:

1. Randomly pick|j from {1,2,---,n}|

dCrossEntropy(y;, f(x;) )

2. Evaluate the gradient |Gj = W

3. Update the momentum: Vy,.,, = BVq + G;.
4. Update Wby W, .., « W, 14 — @ Vyew-

| W=W;1q4°

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet 1.pé|6f
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Example: how to train a softmax classifier

Define a function f: R78°> —» R10:
e Input: vector x(¥) € R785.

e z = W) x(0) g R10 A linear model

Trainable parameter:

« xW = SoftMax(zV) € R%., e W e R10X785

» Output: f(x(?) =xW,

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet 1.p
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Example: how to train a softmax classifier

Define a function f: R78> » R10:

Input: vector x(©) € R785.

;D = WO 20 ¢ rds

x(l)=\max(ﬁ’z(l)} € R%,

;@ — w D e Rz

x?) = max{0,z?} € R%.

23 — W2 x@ e Ri0.

x®) = SoftMax(z®)) € R1°,

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 _NeuralNet 1.p

Output: f(x@) =x®),

MLP
Trainable parameters:
e WO g Rd1X785
o W(l) (= RdZXd1’
o w(Z) € R10xd;

Hidden Layer 1

Hidden Layer 2

Output Layer

~Nd
Qs



https://github.com/wangshusen/DeepLearning/blob/master/Slides/6_NeuralNet_1.pdf

Example: how to train a softmax classifier

Define a function f: R78°> —» R10:
¢ Input: vector x(©) € R785.
Py z(l) — W(O) X(O) (= Rdl_

« xM = max{0, zM} € R%1.

° z(z) — W(l) x(l) = ]Rdz_
« x?) = max{0, z?} € R%,

° z(?’) = W(Z) x(z) (= Rlo.

o« x® = SoftMax(z(3)) € R19,

Output: f(x(@) =x®.

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet 1.p
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Example: how to train a softmax classifier

Build an optimization model:
argmin {%Z}Ll Loss( f(x;), y; ) }

w0 w1) w(2) /

E.g., the cross-entropy loss

()
o

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 _NeuralNet 1.p
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Example: how to train a softmax classifier

How to solve

L argmin {257 Loss(£(x), v7) }

Stochastic gradient descent (SGD):
* Randomly pick j from {1, 2,-:-,n}.

 Compute the stochastic gradient w.rt. W) at

the current iteration W(E?g :

o _ aLOSS(f(Xj)ij)| |
g8 = aWw©® wO=w)
« Update W®: w2 = w) - a gg_o).

Do the same for W) and W(2),

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet l.pgllf
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Example: how to train a softmax classifier

How to solve

L argmin {257 Loss(£(x), v7) }

Stochastic gradient descent (SGD):
* Randomly pick j from {1, 2,-:-,n}.

« [Compute the stochastic gradient w.r.t. W %) at

he current iteration W(E?g:

o _ aLOSS(f(Xj)ij)| |
g8 = aWw©® wO=w)
« Update W®: w2 = w) - a gg_o).

Do the same for W) and W(2),

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet l.p?jzf
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Example: how to train a softmax classifier

How to solve

L argmin {257 Loss(£(x), v7) }

Stochastic gradient descent (SGD):
* Randomly pick j from {1, 2,-:-,n}.

 Compute the stochastic gradient w.rt. W) at

the current iteration W(E?g :

o _ aLOSS(f(Xj)ij)| |
g8 = EITO) wO=w)
¢ Update W®: w2 = w) - a gg_o).

e Do the same for W) and W),

(0]
ok

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 _NeuralNet 1.p
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Example: how to train a softmax classifier

How to solve

L argmin {257 Loss(£(x), v7) }

Stochastic gradient descent (SGD):
* Randomly pick j from {1, 2,-:-,n}.

 Compute the stochastic gradient w.rt. W) at

the current iteration W(E?g :

o _ aLOSS(f(Xj)ij)| |
g8 = aWw©® wO=w)
« Update W®: w2 = w) - a gg_o).

* Do the same for W) and W(2),

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet l.p%ﬁ‘



https://github.com/wangshusen/DeepLearning/blob/master/Slides/6_NeuralNet_1.pdf

Example: how to train a softmax classifier

0 Loss( f(x;).y;)
?
How to compute pw()]

Backpropagation:
» Denote L = Loss( f(x;), y; ).

‘ 0L
* Comput 320"

10-dim vector

) BP
@) ®) € R1O ® - 9 7
o| x® = SoftMax(z®) € R | ,(3) x®) L

« Output: f(x(@) =x®,

(0]
ot

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 _NeuralNet 1.p
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Example: how to train a softmax classifier

d Loss( f(xj),yj) ~
aw (k)

How to compute

Backpropagation:
» Denote L = Loss( f(x;), y; ).

* Comput

0z(3)"
. X(z) — max{o, z(z)} = RdZ_ . oL _ 9z3)| aL 0L _ 9z | oL
0z(2) 9z 2)|9z(3) oW (2) AW )]az3)]

e [z® = w® x®@ e RiO |

23 is a function of z(? and W@,

Apply the chain rule.

(0]
Qe

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 _NeuralNet 1.p
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Example: how to train a softmax classifier

d Loss( f(xj),yj) 5
ow (k)

How to compute

Backpropagation:
* Denote L = Loss( f(x;), y; ).

oL 9z3) 9L

¢ |x? = max{0, z(?)} € R% | . _
oW@ [ w2 9z(3)°

o 23 = W@ x@ e R10,
Use it to update W (e.g., by SGD).

8z _ e =@ _ |1, if 22 > 0;
! 0, else.

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet l.pgf
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Example: how to train a softmax classifier

How to compute

Backpropagation:
* Denote L = Loss( f(x;), y; ).

« xM) = max{0, zV} € R%.

° Iz(z) — W(l) x(l) (= ]Rdz_ I

oL | az® oL
9z2) | 9z(2) §z(3)’
, 0L a9z L
9z(1 — 9z(V|gz2)

d Loss( f(xj),yj ) ?

aw k)

0L

az(2)

oL

oW — agw)

Apply the chain rule again.

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 _NeuralNet 1.p

0z(2)]

(0]
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Example: how to train a softmax classifier

How to compute

d Loss(f(x;)y;) .

aw k)
Backpropagation:
e |x® = max{0, z®M} € R%1. | * Denote L = Loss( f(xj), y; )
e 72 — w1 c ez
, 0L _9z2® 3L oL | _ 9z¥ oL
9z 9z 9z’  |aw®D|  aw®) 9z()"

Use it to update W) (e.g., by SGD).

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet l.pglf
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Example: how to train a softmax classifier

How to compute

e 20 = WO x© ¢ géa | Backpropagation:
* Denote L = Loss( f(x;), y; ).

oL | _ 9z» aL

oL 0z

9z | 9z(1) gz(2)’

d Loss(f(xj)y;) .

oL

" IWO® . aw©

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet l.p%If

rAS|

aw k)

Apply the chain rule again.

0
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Example: how to train a softmax classifier

d Loss(f(x;)y;) .
aw (k)

How to compute

e 7 — W 50 ¢ pds Backpropagation:
* Denote L = Loss( f(x;), y; ).

oL | oz AL
W@ | aw(® gz1)"

Use it to update W(®).

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet 1.p%|1f
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Example: how to train a softmax classifier

1. Randomly pick a sample (xj, yj).
2. Run a forward pass (from the input x(%) to the prediction).
3. Run a backward pass (from the loss to W(%)).

¥

Get the derivatives (stochastic gradients):

dLoss(f(x;)y;) OLoss(f(x;)y;) dLoss(f(x;)y;)
aw@) ’ aw@) ’ aw ()

¥

Update W(? W@ W) ysing the derivatives.

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet 1.p
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Example: how to train a softmax classifier

1. Randomly pick aM). Several random samples.

2. Run a forward pass (from the input x(® to the prediction).
3. Run a backward pass (from the loss to W(%)).

¥

Get the derivatives (stochastic gradients):
FIE '

dLoss( f(x;)y; ) iz JaLoss(f(Xj),Yj)
JE AW

iZ dLoss(f(x;)y; ) LZ
g1 <& aw@ v |g|4I&d aw T g

Mini-batch should always be used! Set batch size |J| to 16, 32, 64, ...

O
o

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet 1.p
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Example: how to train a softmax classifier

SGD: BatchSize = 1. Mini-Batch: BatchSize > 1. Full Gradient: BatchSize = n.
* Per-iteration cost is low. e Better than the othertwo, ¢ Per-iteration costisn
if BatchSize is properly times higher than SGD.

* Lots of iterations to -
converge. >€t. * Convex problem: less
number of iterations.

e Neural network: it

See some blogs doesn’t work!
https://distill.pub/2017/momentum/

https://ruder.io/optimizing-gradient-descent/

(O
Qg

Credit for Shusen Wang https://github.com/wangshusen/DeepLearning/blob/master/Slides/6 NeuralNet 1.p



https://github.com/wangshusen/DeepLearning/blob/master/Slides/6_NeuralNet_1.pdf
https://distill.pub/2017/momentum/
https://ruder.io/optimizing-gradient-descent/

Rethink BP and chain rule

fu (- (R(AG9))) 2

fi = x \

dx, dx, dxy_4 dx, dxq dxp
dx; dx,_; dx,_, dx, dx dx;’

fori=1,..,n—1




Rethink BP and chain rule

f(x) = Vf(x)
flg(x)) =7

* Chain rule of calculus

y = g(z) and z = f(g(x)) = f(y)

dy
h

dz dz

dr |dy




Rethink BP and chain rule

However, we use stochastic gradient,
flx) = Vf(x) rather than gradient

flg(x)) =7

* Chain rule of calculus

y = g(z) and z = f(g(x)) = f(y)

dy
h

dz dz

dr |dy
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Rethink BP and chain rule

However, we use stochastic gradient,
flx) = Vf(x) rather than gradient

Stochastic Vf(y) = Vf(y) (approximation)
flg(x)) -7

* Chain rule of calculus

y = g(z) and z = f(g(x)) = f(y)

dy
h

dz dz

dr |dy
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Rethink BP and chain rule

However, we use stochastic gradient,
f(x) - Vf(x) rather than gradient

Stochastic approximation methods are a family of iterative methods typically used for root-finding problems orjmation)
collected data is corrupted by noise, or for approximating extreme values of functions which cannot be computec

In a nutshell, stochastic approximation algorithms deal with a function of the form| f(0) = E¢[F(6, 5)]|which is
stochastic approximation algorithms use random samples of F(G, {) to efficiently approximate properties of f s
Recently, stochastic approximations have found extensive applications in the fields of statistics and machine leal

reinforcement learning via temporal differences, and deep learning, and others.!'! Stochastic approximation algo
their theory.[?!

The earliest, and prototypical, algorithms of this kind are the Robbins—Monro and Kiefer-Wolfowitz algorithms

WA WA/ wy

dr |dydx

Screen shot from https://en.wikipedia.org/wiki/Stochastic approximation 7



https://en.wikipedia.org/wiki/Stochastic_approximation

Rethink BP and chain rule

However, we use stochastic gradient,
flx) = Vf(x) rather than gradient

Stochastic Vf(y) — Vf(y) (approximation)

flg(x)) =7 E[’V\f(y)] = Vf(y) (unbiased)

* Chain rule of calculus

y = g(z) and z = f(g(x)) = f(y)

dy
h

dz dz

dr |dy
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Rethink BP and chain rule

However, we use stochastic gradient,
flx) = Vf(x) rather than gradient

Stochastic Vf(y) = Vf(y) (approximation)

flg(x)) =7 E[’V\f(y)] = Vf(y) (unbiased)

e Chain rule of calculus Vi) # Vf ()

y = g(z) and z = f(g(x)) = f(y)

dy
h

dz dz

dr |dy
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Rethink BP and chain rule

f(x) = Vf(x)
flg(x)) =7

* Chain rule of calculus

However, we use stochastic gradient,

rather than gradient

Stochastic Vf(y) = Vf(y) (approximation)
E[VF(y)] = Vf(y) (unbiased)

Vi) = Vf ()

y = g(z) and z = f(g(x)) = f(y)

dz dzdy
dr dydz

dz dz cfy

dr dydzx

Composition:
Biased
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Train an MLP softmax classifier

fu (- (R(A())) »7

_

* f1?
* f2 ?

o f3 — 7 ~ Need to manually implement?

i il




Train an MLP softmax classifier

fu (- (R(A())) -7

_

* f1?
* f2 ?
o f3 — 7 ~ Need to manually implement? X

i il
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Train an MLP softmax classifier

fu (- (R(A())) -7

# Fully connected neural network with one hidden layer
class NeuralNet (nn.Module):

def

init (self, input size, hidden size, num classes):

super (NeuralNet, self). init ()

self.fcl = nn.Linear(input size, hidden size)
self.relu = nn.ReLU()

self.fc2 = nn.Linear (hidden_size, num classes)

def

forward(self, x):
out = self.fcl(x)
out = self.relu(out)
out = self.fc2(out)
return out
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Train an MLP softmax classifier

One iteration:

1. Randomly sample j from {1, 2, -+, n}.

2. Forward pass: take x; as input (x(@) = x;), compute each layer

70 () ;@ 2@ ().

3. Backward pass:

0L 0L oL

dL

0L

0L

i. Compute the derivatives

62(3) ’ﬁw(z) ( az(z) J

ow (1)’

dzD [law (O

0L

J

ii. Update w' using

Y
dw ()" Need to compute gradients for each layer?
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Train an MLP softmax classifier

One iteration:

1. Randomly sample j from {1, 2, -+, n}.

2. Forward pass: take x; as input (x(@) = x;), compute each layer
7D XD ;@) 4@ ),

3. Backward pass:

CC te the derivatived 2= [PL | [OL |3 ][aL |[3T
. Compute the derivatives| =75, E=05), B == 5,0 g ol

i. Update w® using —— ! |
j P 8 aw (" Need to compute gradients for each layer?
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Train an MLP softmax classifier

# Loss and optimizer
criterion = nn.CrossEntropyloss() |

optimizer = torch[optim.Adam|model NN.parameters(), lr=learning rate, weight decay=0.00001)

# Forward pass
outputs = model (images)
loss = criterion(outputs, labels)

# Backward and optimize
optimizer.zero grad()
loss.backward()
optimizer.step()
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